A conjecture of Bratley and McKay, according to which odd amicable numbers should be divisible by three, is disproved by some counterexamples.
B = 32 * 7 * 13 * 107 = 87633.
Since Euler's time, many more even and odd amicable pairs have been found and published: Hundreds of them before, and thousands after the employment of electronic computers in number theory. A superficial glance at the list of hitherto known odd amicable pairs illustrates the fact that the lack of two as a common factor has to be compensated by a sufficient amount of divisibility by the other small prime factors, like three, five, seven. In fact, all odd amicable pairs that we know [2] , [6] , [7] , [8] actually contain some power of three as a common factor. With some familiarity with the various known methods to find odd amicable pairs, it soon becomes clear, that it is actually very hard to avoid three as a common factor. Paul Bratley and John McKay even conjectured that all odd amicable numbers must be divisible by three, see [3] , and also R. Guy's book on open problems in number theory [4] . On the other hand, to avoid three is a priori not impossible, but it only leads to very large numbers in all calculations, which are difficult to deal with.
Therefore, we made a systematic attempt to decide the question posed in the title of this note by a constructive search, or, in other words, to disprove the conjecture of Bratley and McKay by a counterexample. And here is the answer: Yes, there are odd amicable pairs not divisible by three; see Table 1 and Table 2 . The prime factor decompositions of these numbers are of the following form: Note. Each double row in the tables gives an amicable pair. In front of each pair, we specify the type of the prime factor decomposition (i.e., the numbers n, m above) in Table 1 , resp. the number of decimal digits in Table 2. 3. Open Problems.
Although the numbers looked for are necessarily quite large, it is very unlikely that our 36-digit example given here is the smallest one. So one may ask to find the smallest one.
Are there amicable number pairs of opposite parity? This question, also considered already by L. Euler, seems to be as hard and unaccessible as the existence of odd perfect numbers.
If, however, we replace in this problem the smallest prime factor two by three, then we obtain the following open problem which seems to us quite tractable by computational methods similar to ours.
Open Problem: Find an odd amicable pair with one, but not both numbers divisible by three.
It may very well be that such number pairs can have smaller size than those with both members prime to six, as those presented above.
Comments on Methods.
Roughly, our method of construction of the numbers asked for in the title proceeds in three steps:
Step 1. Construction of an appropriate common factor a.
Step 2. Successive computation of a few "complementary" prime factors si, s2,-■ ■ ,Pi, p2, ■ ■ ■ to make (a * u,a * v) with u = sis2 ..., v -pip2 ... a suitable input for the last step, for instance by the method of "breeders" or an appropriate modification thereof; see [2] .
Step 3. Computation of the three largest prime factors by the so-called method of Bilinear Diophantine Equations (BDE, see [2]), including the necessary primality tests.
To be slightly more specific, we have to introduce more notation. Let C denote the largest common divisor of a with its sum of divisors a(a), put D -2a -a(a), and let a' = a/C, D' = D/C.
In
Step 1, we proceed by building up a as a product of powers of different small primes in such a way that o(a)/a approaches 2 from below. In doing so, we compute a, a(a), a', D' recursively, and we try to get D' as small as possible, without making a' excessively big. The reason for this will be clear to the reader familiar with the construction of amicable numbers (as in [2]): Essentially, a' will determine the size of the numbers in all successive computations (e.g., the BDE method), while D' will occur as a denominator in Diophantine problems. So it is best to make D' one, or at least very small, to allow for sufficiently many integer solutions arising in Steps 2 and 3. The crucial point for our present situation is the cancellation by C, that is the replacement of a and D by a' and D'. This means that we can obviously work towards all of our goals simultaneously by trying to make C as large as possible.
There are various obvious methods to construct appropriate numbers a with relatively large C. Using the multiplicativity of a, we proceed by building up the number a recursively, introducing one or several prime power factors at each step. In deciding which new prime powers to introduce as a factor, we make extensive use of a table of prime decompositions of a(p") for all small prime powers pu. Let us say that pu "carries" qß, if q^ divides a(pv). For example, 172 carries 307, which carries 7 and 11. Similarly, 132 carries 61, and 612 carries 13, in addition to 97 (which carries 72). The general strategy is then to introduce mainly such new prime factors which are (at least to a large extent) carried by those already previously introduced, because this procedure will increase mainly C, but not a'.
It is convenient to look for "cycles" of prime powers carrying each other at least "partially", like 13 and 61 in the example mentioned above. Such "cycles" may be used to get the whole process (of guessing a) started, and also to increase its efficiency later on. One may tabulate for this purpose such chains and cycles (or even "trees" and "clusters") of prime powers carrying each other (at least partially). On the basis of such a table, the construction of an appropriate number a (with C big and hence a' and D' > 0 relatively small) becomes a nice kind of a number-theoretic puzzle, which can be solved by trial and error without too much computational effort. In the last few steps of guessing appropriate prime factors of a, one will change the strategy, and try directly to minimize D' by the last few choices.
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